Hidden-variables models are critically reassessed. It is first examined if the quantum discord is classically described by the hidden-variable model of Bell in the Hilbert space with d = 2. The criterion of vanishing quantum discord is related to the notion of reduction and, surprisingly, the hiddenvariable model in d = 2, which has been believed to be consistent so far, is in fact inconsistent and excluded by the analysis of conditional measurement and reduction. The description of the full contents of quantum discord by the deterministic hidden-variables models is not possible. We also re-examine CHSH inequality. It is shown that the well-known prediction of CHSH inequality |B| ≤ 2 for the CHSH operator B introduced by Cirel'son is not unique. This non-uniqueness arises from the failure of linearity condition in the non-contextual hidden-variables model in d = 4 used by Bell and CHSH, in agreement with Gleason's theorem which excludes d = 4 non-contextual hidden-variables models. If one imposes the linearity condition, their model is converted to a factored product of two d = 2 models which describes quantum mechanical separable states. The CHSH inequality thus does not test the hidden-variables model in d = 4. This observation is consistent with an application of the CHSH inequality to quantum cryptography by Ekert, which is based on mixed separable states without referring to dispersion-free representations. As for hidden-variables models, there exist no viable local non-contextual models in any dimensions.
Introduction
The notion of quantum discord [1, 2] is expected to carry information characteristic to quantum mechanics. It is then interesting to examine it in the context of the hidden-variables models such as the ones due to Bell [3] and Kochen-Specker [4] in the Hilbert space with dimensions d = 2. We may then be able to distinguish the quantum mechanical aspects and classical deterministic aspects of quantum discord. To perform this analysis, it turns out to be essential to analyze the conditional measurement. Surprisingly, the d = 2 hidden-variables models such as the ones by Bell and Kochen-Specker, which have been believed to be consistent so far [5, 6] , are in fact inconsistent and excluded by this analysis. No consistent non-contextual hidden-variable model exists even in d = 2 if one requires the uniqueness of the dispersion-free representation of conditional measurement in hidden-variables space, and thus no non-contextual hidden variable models exist in any dimensions [7] . The criterion of vanishing quantum discord is shown to be reduced to the conditional measurement and reduction, which the conventional hidden-variables models cannot consistently describe, and thus the full contents of quantum discord are not described by the deterministic classical picture [7] , as expected.
As another issue related to hidden-variables models, it is shown that the wellknown prediction of Clauser-Horne-Shimony-Holt (CHSH) inequality |B| ≤ 2 [8, 9, 10] , for the CHSH operator B introduced by Cirel'son [11] , is not unique [12] . This non-uniqueness arises from the failure of linearity condition of quantum mechanics in the non-contextual hidden-variables model in d = 4 used by Bell and CHSH, in agreement with Gleason's theorem which excludes d = 4 non-contextual hidden-variables models [13] . If one imposes the linearity condition, their model is converted to a factored product of two d = 2 models which describes quantum mechanical separable states but does not give a non-contextual d = 4 model. The experimental refutation [14] of CHSH inequality is thus interpreted that the full contents of quantum mechanics even for a far-apart system cannot be described by separable quantum mechanical states only [12] . Also, the non-contextual hiddenvariable model in d = 4 itself which was used to derive the CHSH inequality in the past does not exist. This observation is consistent with an interesting application of the CHSH inequality to quantum cryptography by Ekert [15] , which is based on mixed separable states without referring to dispersion-free representations.
We conclude that there exist no viable local non-contextual hidden-variables models in any dimensions.
2
Bell's hidden-variables model in d = 2
We start with a brief summary of the hidden-variable model proposed by Bell [3] . We consider the projection operator
with a unit vector |m| = 1 and Pauli matrix σ. The dispersion-free representation of P m is defined with the hidden parameter ω in the domain,
, by [5] 
which assumes the eigenvalues +1 or 0 of the projection operator P m for the pure state defined by |ψ ψ| = 1 2
(1 + s · σ) with |s| = 1. The hidden variable representation P mψ (ω) reproduces the quantum mechanical result after integration over ω (with a uniform non-contextual weight for the hidden variable ω)
For a general 2×2 hermitian operator O in a spectral decomposition O = µ 1 P 1 +µ 2 P 2 with two orthogonal projectors P 1 and P 2 , P 1 + P 2 = 1, we have the dispersion-free representation
The relations (2.3) and (2.4), which establish the agreement with quantum mechanics in a concrete manner, show that the quantum mechanical linearity condition such as ψ|(O 1 + O 2 )|ψ = ψ|O 1 |ψ + ψ|O 2 |ψ is satisfied after the integration over the hidden variable ω.
Conditional measurement
We next analyze the conditional measurement in the framework of hidden-variables models. Starting with the initial state ρ, suppose that we first measure the projector B and then measure the projector A with AB = 0. We define
and then the probability of the measurement of A is given by
This construction is faithful to the original quantum mechanical definition of the conditional measurement. The projected state ρ B corresponds to |ψ B ψ B | = B in a matrix notation, and in Bell's construction we have the dispersion free representation (with A = P m ,
which is symmetric in A and B, and we obtain the identical expression for B ψ A (ω). An alternative way is to define the ratio of averages [16, 17] 
as the conditional probability measure of A after the measurement of B. Here we emphasize a new composite operator BAB, which is no more a projection operator, while we emphasized the modification of the state in (3.1) before. These two are naturally identical in quantum mechanics. For the projectors, we have
and P m P n P m = 1 2
(1 + n · m)P m . We then obtain the dispersion free representation,
using B ψ (ω) with A = P m and B = P n . One then confirms that the conditional measurement is consistently described by either way, in agreement with the quantum mechanical result as In passing, this example shows that the conditional measurement in hiddenvariables models does not follow the classical conditional probability rule for general non-commuting A and B,
Here µ[a ρ ] stands for the probability of A for the state ρ in a generic notation
where
The classical conditional probability rule which satisfies
imposed on noncontextual hidden-variables models, eliminates the crucial notion of reduction in quantum mechanics, as is seen by the fact that a ρ and
We recognize that the two dispersion-free representations
and 12) lead to two conflicting dispersion-free representations in the hidden variables space parameterized by ω for the identical quantum mechanical object Tr[ρBAB]/Tr[ρB], although both of them reproduce the same quantum mechanical result after averaging over the hidden variable. We now postulate that any physical quantity should have a unique expression in the hidden variables space, just as any quantum mechanical quantity has a unique space-time dependence. This requirement is not satisfied by the expression of the conditional measurement in the d = 2 non-contextual hidden variables model of Bell, which in turn implies that the reduction and state preparation are not consistently described in the hidden-variables model. (It is shown that the same conclusion holds for the model of Kochen-Specker [4] also.) After all, one of the main purposes of the hidden-variables model is to avoid the sudden state reduction.
The representation (3.11) based on (3.2) incorporates the reduction and state preparation, but the reduction is not explicit in the alternative construction (3.12) . To be precise, the representation (3.11), although it satisfies the condition of reduction in a quantum mechanical sense, does not specify the reduction in the sense of dispersion-free representation since the hidden parameter ω after the first measurement of B is not specified in the construction. To resolve this issue, one needs to go beyond the conventional construction of the hidden-variables representation by allowing, for example, the opening of a new hidden-variables space every time one makes a new measurement [7, 18] such as
namely, the first measurement of B introduces ω and the second measurement of A introduces ω ′ . One then later integrates over ω and ω ′ independently. By this way one can incorporate the notion which corresponds to reduction into the dispersion-free representation, but the construction goes beyond the conventional idea of hidden-variables models.
From a point of view of the dual structure of operator and state (O, ρ) in quantum mechanics, we have two equivalent choices (A, BρB) or (BAB, ρ), (3.14) respectively, before moving to hidden variables models. These two are obviously equivalent in quantum mechanics (or in any trace representation with density matrix), but they are quite different in Bell's construction due to the lack of definite associative properties of various operations. An interesting example is given by the measurement of A immediately after the measurement of A: One prescription (3.3) gives an ω independent unit representation, while the other (3.6) gives A ψ (ω)/ A ψ (ω)dω which has the same ω dependence as the first measurement of A.
We may thus conclude that the hidden-variables model cannot describe the conditional measurement consistently [7] .
Quantum discord for a two-partite system
We now examine if the quantum discord (a measure of the quantum excess of correlations) is described by the hidden-variables model in Sections 2 and 3. If this description is possible, it would imply that a deterministic classical description of quantum discord is possible. The notion of quantum discord for a two-partite system described by the density matrix ρ XY is defined as a difference of the quantum conditional entropy [1, 2] 
and the formal conditional entropy S(X, Y ) − S(X) as,
where the general definition of entropy is S(ρ) = −Trρ ln ρ for a given state ρ, and
) involves the measurement process while S(X, Y ) − S(X) does not contain any measurement process. Actually, the quantum discord D is defined at the minimum of the first term in (4.2) with respect to all the possible choices of the set of projectors {Π X j }. The orthogonal projectors are defined by
and the normalized density matrix after the measurement of {Π
At this point it is instructive to consider a classical system defined by the density matrix ρ = ρ(x, y) (4.6) where x and y collectively stand for the phase space variables of X-system and Y-system, respectively. Then ρ(x) = ρ(x, y)dy and one may identify
where ∆x j specifies a specific domain in the phase space. In this identification, we have
and thus D = 0. Namely, the non-vanishing quantum discord D implies that a certain quantum property is involved. The crucial property of the quantum discord D thus defined is that it survives even for the separable system without entanglement [1, 2] .
The following general properties of the quantum discord are known
for a suitable set of projectors {Π X j }, and
The proofs of those properties are involved and the readers are referred to original references [1, 19, 20, 21] .
Intuitively, the apparatus of the quantum measurement, which executes a precise projective measurement of an operator B(X) for the X-system with spectral decomposition 12) induces the change of the state ρ XY to j Π X j ρ XY Π X j after the measurement [22] . Thus the first relation in (4.10) shows that this measurement does not change the initial (in general, mixed) state. A characteristic property of quantum mechanics is that the measurement changes the state, for example, a pure state ρ is transformed to a mixed state j Π X j ρΠ X j . Also the final state depends on which kind of projective measurement one performs, and this is the reason why we look for the minimum of the first term in (4.2).
Vanishing condition of the quantum discord
To establish the vanishing quantum discord specified by (4.10), it is necessary to show
for any projector A X . It is obvious that the condition (4.10) implies the relation (4.13). Conversely, one may choose any projection operator of the form A X = |ψ X ψ X |, then (4.13) implies
for any |ψ X which in turn implies (4.10); the equality of the average for any state |ψ X in fact implies the equality of the operators themselves. We thus have to deal with general positive operators , Π X j A X Π X j , to discuss the criterion of the vanishing quantum discord.
In the case of a separable mixed state in d = 4 = 2 × 2,
we have the vanishing condition of the quantum discord on the left-hand side has a well-defined hidden-variables representation of Bell for d = 2 in Section 2. But two different hidden-variables prescriptions for the quantity on the right-hand side
lead to two different conflicting representations in the hidden-variables space, as explained in Section 3. Quantum mechanically equivalent expressions lead to quite different dispersion-free expressions in the hidden-variables space in Bell's construction, and there appears to be no clear physical criterion to resolve the ambiguity. One may thus conclude that the description of the criterion of vanishing quantum discord in the hidden-variables space is ill-defined in Bell's construction. In this sense, the deterministic description of the full contents of quantum discord is not possible.
On the basis of Bell's explicit construction in d = 2 [3] , it was pointed out that the description of the criterion of vanishing quantum discord in the hidden-variables space is ill-defined. The same conclusion applies to the d = 2 model by Kochen and Specker [4] . Also, the criterion of the vanishing quantum discord itself (4.10) is related to the notion of the reduction associated with precise projective measurements. The hidden-variables models have difficulties in the description of reduction and state preparation, since the main motivation of hidden-variables models is to avoid the sudden reduction of states, to begin with.
As for the possible practical applications of quantum discord, other aspects of quantum discord also play an important role. For example, the pure separable state ρ XY = ρ X ⊗ ρ Y after the diagonalization of the first factor ρ X satisfies the criterion of vanishing quantum discord (4.10). The non-vanishing quantum discord of the separable mixed state
arises from the fact that one cannot diagonalize all ρ (k) X simultaneously. Thus one can store certain "quantum information" in the set {ρ X }, nevertheless this is a quantum mechanical effect. We may thus conclude that one of the essential aspects of the "quantumness" of quantum discord is traced to the reduction of states, i.e., measurement changes physical states, in contrast to the locality in the analysis of entanglement.
CHSH inequality: Criterion of entanglement
For four independent dichotomic variables {a j , a ′ j , b j , b ′ j } which assume ±1, one can confirm the relation
We imagine a two-partite system, and the variables {a j , a ′ j } belong to the a-system and {b j , b ′ j } belong to the b-system, respectively. Summing with any uniform weight factor P j ≥ 0 which satisfies j P j = 1, we obtain the CHSH inequality [6] 
where ab = j P j a j b j . The uniform weight for all the combinations of dichotomic variables manifests the strict locality which also implies non-contextuality. Entanglement implies that the combination a j b j is more favored than a ′ j b j , for example, but the relation (5.2) completely ignores this "contextuality".
Quantum CHSH operator introduced by Cirel'son reads [11] 
with unit 3-dimensional vectors a, a ′ , b, b ′ and the Pauli matrices σ for a system of two spin-1/2 particles, regarded as a d = 4 dimensional system in the Hilbert space. One can then confirm
by noting , one has in the notation of (5.1) 
Local non-contextual hidden-variables model of Bell and CHSH
For any pure 4 × 4 state ρ = |ψ ψ|, the local non-contexual hidden-variables model of Bell and CHSH is defined by [8, 9, 10] 
with dichotomic variables a ψ (θ, λ) and b ψ (ϕ, λ). See eq. (2) in the original paper of Bell [8] and eq.(3.5) in the review by Clauser and Shimony [10] . See also Werner [23] . The parameters λ collectively stand for hidden-variables, and θ and ϕ stand for the azimuthal angles in the planes perpendicular to the line connecting the two spin systems. We first analyze the CHSH operator by re-writing it for non-collinear b and b
by defining two unit vectors
By using the above non-contextual hidden-variables formula, we obtain
By noting
To achieve the above upper bound, some domain in hidden-variables space with
is essential. If one assumes otherwise; namely, if
for any λ, respectively, the hidden-variables formula would always imply for a sum of two non-commuting operators
This does not hold for generic quantum states ψ, and thus the above upper bound is generally achieved if the hidden-variables model should make sense.
Conventional CHSH inequality
The conventional CHSH inequality is based on the evaluation [9]
using the simultaneous dispersion-free representations for all the non-commuting operators. By noting the relation
we conclude for any P (λ)
Note that this inequality is essentially the same as (5.2).
The hidden-variables model of Bell and CHSH thus predicts | B ψ | ≤ 2 √ 2 or | B ψ | ≤ 2, for the identical quantum operator B depending on the two different ways of evaluation. Physical processes described by |b
′ · σ ψ are quite different, but both of them are measurable and quantum mechanics tells that these two should always agree.
The origin of the above disagreement of the two different ways of evaluation is traced to the failure of the quantum mechanical linearity condition in the hiddenvariables model of Bell and CHSH, namely,
for non-collinear b and b ′ does not hold in general [12] . We note that linearity is a local property of quantum mechanics in contrast to entanglement.
One may thus tentatively conclude either (i) the local hidden-variables model of Bell and CHSH contradicts quantum mechanics due to the failure of linearity without referring to long-ranged EPR entanglement, or (ii) one needs to examine the precise consequences of the linearity condition which renders the conventional CHSH inequality | B ψ | ≤ 2 as the unique prediction of the model.
Linearity condition and separability
We now examine the consequences of linearity condition in detail. The linearity condition for non-collinear b and b ′ , which we consider in the following, implies
On the other hand, the well-known von Neumann's no-go argument [22] shows that the expressions local in the λ space are quite different, namely,
which is a general statement on the dispersion-free representations of two noncommuting operators at any point in hidden-variables space λ. Note that the only allowed integer for the left-hand side with non-collinear b and b ′ is ±1 while the right-hand side is ±2 or 0.
To make the analysis of linearity condition transparent, we employ the simplest parameterization of the hidden variables and dichotomic variables which was sug-gested in the original paper of Bell [8] ,
Namely, the a-system is parameterized by the hidden variables λ 1 and the b-system is parameterized by the hidden variables λ 2 ; each system is described by its own independent local parameters. We also define the "projection operator" by 
for any pure state ψ and for any free parameters θ, ϕ and ϕ ′ , and in the case of (5.27) for any λ 2 .
We determine the possible structure of the weight function P (λ 1 , λ 2 ) from the conditions (5.25)-(5.27). From (5.25) and (5.26), we see that
define the weight factors of consistent (i.e., satisfying linearity) d = 2 hiddenvariables models of the b-system, where Λ 1 is the entire space of the variables λ 1 . The non-negative weight P (ψ, θ; λ 2 ) receives the contribution from the domain with A ψ (θ, λ 1 ) = 1, and the non-negative weightP (ψ, θ; λ 2 ) from its complement. For non-trivial hidden-variables models, we have P (ψ, θ; λ 2 ) = P (Λ 1 ; λ 2 ) in general.
In particular, the first relation of (5.28) shows that P (Λ 1 ; λ 2 ) defines d = 2 noncontextual hidden-variables models. Due to the symmetry between a-system and b-system, we can make a similar statement on λ 1 dependence. If one assumes that the weights for the d = 2 non-contextual hidden-variables models are uniquely specified by the chosen dichotomic representations of a ψ 1 (θ, λ 1 ) and b ψ 2 (ϕ, λ 2 ), respectively, which is the case of the known construction of hiddenvariables models in d = 2 [3, 4] , one concludes from (5.28) a factored form of two systems
where P 1 (λ 1 ) stands for the weight of the a-system and P 2 (λ 2 ) stands for the weight of the b-system in the sense of consistent non-contextual hidden-variables models in d = 2. For this choice in (5.29), P (ψ, θ; λ 2 ) and P (Λ 1 ; λ 2 ) are equivalent as the weight for the b-system, and similarly for the a-system. The analysis of more general parameterization than (5.23) is found in [12] .
We thus arrive at the conclusion that the formula of Bell and CHSH is now written as
namely, the formula is valid only for the pure separable state,
and it is not applicable to entangled states [12] . We emphasize that a factored product of two non-contextual d = 2 hidden variables models [3, 4] does not contradict Gleason's theorem which prohibits a non-contextual d = 4 hidden-variables model. Also the conclusion in the original paper of Bell [8] , which states that an entangled singlet state is inconsistent with his hidden-variables model, is natural since our analysis shows that the hidden-variables model in [8] is applicable only to separable quantum mechanical states.
Implications of conventional CHSH inequality
The CHSH inequality follows from the fact that the local hidden-variables model of Bell and CHSH in (5.8) is valid only for pure separable states. For pure separable quantum states, it is readily confirmed that the ordinary CHSH inequality | B | ≤ 2 (5.32) naturally holds, as we have explained in (5.7). Our conclusion is thus perfectly consistent with the analysis of Werner [23] , who shows that CHSH inequality is a necessary and sufficient separability condition of pure quantum mechanical states.
As an interesting practical application of CHSH inequality, we mention the application to quantum cryptography by Ekert [15] , which is based on the mixed separable quantum states ρ = dn a dn b w(n a , n b )ρ(n a ) ⊗ ρ(n b ). 
Conclusion
We have critically reassessed hidden-variables models in connection with quantum discord and CHSH inequality. We have shown that the original hidden-variables model of Bell in d = 2 fails to describe the conditional measurement consistently. Thus it fails to describe the criterion of vanishing quantum discord in a classical deterministic manner. This is consistent with the fact that quantum discord is a quantum mechanical effect. We have also shown that the local non-contextual hidden-variables model of Bell and CHSH in d = 4, which was introduced to show that the local hidden-variables model cannot describe entanglement, in fact does not define a non-trivial non-contextual model in d = 4. In particular, we have shown that the conventional CHSH inequality | B | ≤ 2 is simply a manifestation of separable quantum mechanical states and does not constitute a test of d = 4 non-contextual hidden-variables model, in agreement with Gleason's theorem.
As for hidden-variables models, we conclude that no viable models of local noncontextual hidden-variables exist in any dimensions of Hilbert space.
